
APPROXIMATE SOLUTION OF THE EQUATIONS 

OF HEAT-EXCHANGER DYNAMICS ON A 

D I G I T A L  C O M P U T E R  

I .  P~  S i m a k o v  a n d  Ao E o S o l o v ' e v  UDC 536.27 

A modif icat ion of the method of l ines is p roposed  for  the approx imate  solution of the s y s -  
t e m  of pa r t i a l  d i f ferent ia l  equations descr ib ing the t h e r m a l  dynamics  of a mul t i s tage  
fo rced -c i r cu l a t i on  heat exchanger  (HE). 

A heat exchanger  is ,  in a ma themat i ca l  sense ,  one of the most  involved of the dynamical  links c o m -  
pr i s ing  a s t e a m - e n e r g y  ins ta l la t ion.  An adequate ma thema t i ca l  descr ip t ion  of a heat exchanger  involves 
the study and solution of a nonlinear  boundary-va lue  prob lem for  pa r t i a l  di f ferent ia l  equat ions.  

The heat exchanger  design (Fig. 1) for  which calculat ions were  made is a " tube - in -a - tube  H type,  th in-  
walled and t h e r m a l l y  insulated f r o m  the ex te rna l  med ium.  

The e c o n o m i z e r - e v a p o r a t o r  sect ion and the superhea ted  s team sect ion a re  divided by a s epa ra to r ;  
the wa te r  is taken f r o m  the s e p a r a t o r  by a pump and fed into the economizer  por t ion of the HE. At the 
economize r  por t ion the wa te r  undergoes  heating to the boiling t e m p e r a t u r e  t s (p) and, f a r the r  along, there  
is genera t ion  of sa tu ra ted  vapor  at the evapora to r  portion~ The boundary for  onset of boiling of the water  
moves  with a change in the work  mode of the HE. 

In der iving the ma thema t i ca l  equations of the HE we make the following conventional a s sumpt ions :  
there  is no heat t r a n s f e r  with the envi ronment ;  the t e m p e r a t u r e  and speed of the hea t - t r ans fe r  agent is the 
s ame  at a l l  points of a c r o s s  sect ion;  heat conduction in the di rect ion of motion of the h e a t - t r a n s f e r  agent 
is negligibly smal l  in compar i son  with convect ive heat t r a n s f e r ;  a l u m p e d - p a r a m e t e r  descr ip t ion  of hydro -  
dynamic p r o c e s s e s  m a y  be a s s um ed  since the h e a t - t r a n s f e r  agent and the water  a r e  i ncompres s ib l e  media;  
heat t r a n s f e r  between the h e a t - t r a n s f e r  agent and the wa te r  in the HE takes  place only through the tube 
walls;  values of the dens i t ies ,  specif ic  heat capac i t i es ,  and the rmal -conduc t iv i ty  coeff icients  a re  taken to 
be mean  in tegra l  values over  the t e m p e r a t u r e  range  of var ia t ion  considered;  the t h e r m a l  s ta te  of the hea t -  
t r ansmi t t ing  tubes through the tube th ickness  at a given sect ion may ,  with sufficient accu racy ,  be c h a r a c t e r -  
ized by a single (mean) t e m p e r a t u r e .  
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Fig.l. Basic HE design arrangement~ 

With these assumptions we may describe the 
nonstationary working regimes of the HE, when the 
distribution of the parameters is taken into account, 
by means of a system of nonlinear partial differen- 
tial equations [2]" 

evaporator section: 0 -< x -< z0") 

(evs)a OO~ _ eaGn 002 k1(q)H(O2_T~); (1) 
O~ Ox 

0T~ = k~ (q) (0~ " T 0  - -  k~ (n, q) (T~ --~O; (2) (eVS)~ 0-~- 

l~ = t= [p (~)]; (s) 
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e c o n o m i z e r  sec t ion :  z if) -< x - L 

001 _ 

(cVS)a 0r 

(cv~)w ~  
0r 

OtI 
(cvs)w Or 

001 - -  k 1 (q) II (01 - -  T1); 
c f i{ f l  Ox - 

= k~ (q) (01 - -  T1) - -  k 2 (6w) (rl  - -  tl); 

Otl - ~ ~ + k~ (%) H (T1 - tl), 

with the  c o r r e s p o n d i n g  b o u n d a r y  condi t ions  

02 (0, r)----0~ (~), 01 (z, x ) =  0~ (z, ~), t 1 (L, r ) =  tbw(~), 
tl (z, r) = t, (p) 

and in i t ia l  condi t ions  

(4) 

(s) 

(6) 

(7) 

0 i (0, x) = 0 ~ (x), T i (0, x) = T~ (x), t 1 (0, x) = t o (x), (8) 

t~ (p) = t o (p) (i = 1, 2). 

We c o n s i d e r  the t e m p e r a t u r e  d i s t r i bu t ion  func t ions  0, T ,  and t ( t e m p e r a t u r e s  of the  a l loy ,  the wal l ,  
and the s t e a m - w a t e r  m ix tu r e )  to be  cont inuous  func t ions  wi th  p i e c e w i s e - c o n t i n u o u s  d e r i v a t i v e s  th rough  the 
f i r s t - o r d e r  i n c l u s i v e :  

0 ~ = 0 i ( x ,  r), T ~ - T i ( x ,  r), t 1 - - t , (x ,  ~), t s = t s [ p ( r ) ]  ( i = l ,  2), 

exc lud ing  the point  x = z (r) a t  which T i (z, r )  (i = 1, 2) has  f in i te  d i scon t inu i t i e s  of the f i r s t  o r d e r .  

The  funct ions  02ff ) and t bwf f  ) a r e  a s s u m e d  to  be  con t inuous .  

T h e  d i f f icu l ty  of  so lv ing  th i s  s y s t e m  of p a r t i a l  d i f f e r en t i a l  equa t ions  (1)-(6) a r i s e s  in that  the bound-  
a r y  z if) ,  w h e r e  boi l ing  of the  w a t e r  c o m m e n c e s ,  v a r i e s  wi th  the t i m e ,  this  v a r i a t i o n  being def ined  i m p l i c i t l y  
b y  the  in i t ia l  s y s t e m  of equa t ions  and  by  the  s y s t e m  of in i t i a l  condi t ions  (8) and the b o u n d a r y  condi t ions  (7). 

We obtain  the  equa t ion  fo r  the t i m e - v a r y i n g  b o u n d a r y  of the e v a p o r a t o r  s ec t ion  f r o m  E q. (6), which  we 
c o n s i d e r  a t  the  point  x = z+0ff).  I%t ing tha t  tt = t t [ z f f ) ,  T], we w r i t e  down the e x p r e s s i o n  fo r  the to ta l  d i f -  
f e r e n t i a l :  

dt 1 (Z+o, x) = Oil ~ . dz dr + Otl dr. (9) 
Ox x= +W) dr 0r x=z+o(,) 

T h e  nota t ion  Z+0(T) ( subsc r ip t  +0) s ign i f i e s  tha t  we a r e  c o n s i d e r i n g  the d e r i v a t i v e  at  the point  x = z0"), the 
eva lua t i on  be ing  m a d e  f r o m  the s ide  of the e c o n o m i z e r  zone .  T h i s  needs  to  be  m a d e  m o r e  p r e c i s e  s ince  
the  p a r t i a l  d e r i v a t i v e  with r e s p e c t  to  the  w a t e r  t e m p e r a t u r e  u n d e r g o e s  a d i scon t inu i ty  at  the point  x = z f f ) .  

Subs t i tu t ing  the e x p r e s s i o n  ~tt/~T] ~=~+d~; f r o m  E q. (9) into E q.  (6), we obtain  

oil ,=z+o,, d,) (,o) 
dr - Ox ~ + (cvs)w 

At the  b o u n d a r y  of the e c o n o m i z e r  and e v a p o r a t o r  p o r t i o n s  

tl [z(z), r] = t, [p(r)]. 

From the expression (11) it follows that 

(11) 

d t ~  ~_ Ot____s dp (12) 
dr Op dz 

Subst i tu t ing  E q .  (12) into Eq .  (10), we obta in  an equa t ion  fo r  the  v a r i a b l e  b o u n d a r y  f o r  the onse t  of boi l ing:  

Ot~ dp k 2 (Gw) II 

dz __ Op d*c (cys)w 
d~ 

(T 1 - -  tl)[X= z 

Ot--LOx ~=z+o 

w,,. (13) 
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Fig.  2. Stat ionary distr ibution 
of t empera tu re s  in the HE. 
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Fig .3 .  Resul ts  of HE calcula-  
tions for  l inear  per turba t ions .  

Following the method of l ines [1] we subdivide the economizer  and evapora tor  portions into n and m 
equal pa r t s ,  r espec t ive ly ,  the lengths of which are  functions of the t ime:  

�9 L - -  z ( 1 4 )  
x~(T) = z + ~ - -  ( i = 0  . . . . .  n), 

n 

x~ ('0 = i ~  (i = o . . . . .  m). (15) 
i n  

Henceforth we consider  the t empera tu re s  of the hea t - t r ans fe r  agent and the wall at "moving" points 
on the economizer  ~Eq. (14)) and the evapora tor  0Sq. (15)) por t ions .  Employing the method of subdivision 
of the lines (14), we r ep re sen t  the der ivat ive at the point x = z+0ff) by the difference re la t ion 

t l ( z +  L - z  ) - , ~  - - t , ( z , T )  

Ot~ox x:Z+o(~ ~ n L - - z  ---- tl (xl'L --  ~)z-- t~ (16) 

12 n 

In this case we can write a differential equation connecting the evaporator zone length with the tem- 
peratures : 

Ot ~ dp k2 ( Gw) El 
dz 0p dr ~ :  [T~, ~I- t~] 

- ( 1 7 )  
d~ n [l~ (xl, z) - -  t,] (L --  z) - -  w~. 

We now find different ial  equations the solutions of which de termine  the t empera tu re s  of the hea t - t r ans fe r  
agent and the wall at the "moving ~ points of the economizer  and evapora tor  por t ions .  

Since all the t empera tu re s  of the economizer  and evapora tor  port ions (Ti ,  0i, tl, t s (i = 1, 2)), con-  
ditionally denoted f rom now on by U[X(T), T] for  b rev i ty ,  a re  functions of the coordinate  and the t ime,  we 
may wri te  the express ion  for the total  differential  as 

du[xi(T) ] _ au(x,) dx~ d z +  O"(xi)d~ ( i = 0  . . . . .  n). (lS) 
Ox dr O'c 

Substituting into Eq.  (18) the value of dxi/d~" f rom Eq.  (14) for  the economizer  port ion and the values 
f rom Eq.  (15) for  the evapora tor  por t ,on ,  we obtain, respec t ive ly :  

Ou (xi) _ du (xi) Ou (x~) i dz 
( i  = o . . . . .  m ) ,  (20) 

Or d'c Or m d-c 

After substituting for  the par t ia l  der iva t ives  0u(xi)/~- in E qs.  (1)-(6), and introducing finite difference r e l a -  
t ions of the fo rm au/~x' ,=~ ~ (u(xj+l, T)--U(Xj, ~'))/h for  Eqs .  (1)-(5) and Ou/Ox]~=~] ~- (u(xj+l, T) -u(x j_ l ,  ~-)) 

/2h for E q. (6), which allows us to take into account the effect  of varying t s[p 0-)] on the distr ibution of t em-  
pe ra tu re  tbw , we obtain 
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do,,  ( dz ) k,(q,O 
d'~ -- z m - ~  --WI (cys)a .(O~,i-- Tej) 

dT~,i i (T2, i - -  T2, i_ l )  dz [~, (q) k2 ('q) 
d~" = - -  z d T +  (cyf):w (0~,~ - -  T~,~) (cy6)~- (T~,~ - -  t~) (i = 0 . . . . .  m); 

t, = t, iv (~)] ; 

[ dz ( - ~ n - / n ) ]  kl(q)H - ~ -  1 - -  --w~ (c?s)a (O:,~--T:,~) ( i =  1 . . . . .  n); 
d 0 : d  _ �9 - -  . 

(i = 1 . . . . .  m); 

,dT:,~ n (T , ,+ , - -T:~)  ( l _ _ ~ )  dz k2(G~,) k,(q) 
d* -- :~:2__~ ' \ d* (cys) W (T:,~--t : ,~)q- (c?s)~----~(Ol,,--T:,i) ( i = 0  . . . . .  n); 

dt:,i (ta,i+:-t:, ,-x)n [ ( l _  ~ )  dz + w u ]  + k2(CAq)II 
d ~  = 2 ( L - - z )  ~ (cys)w (T: '*~tl '~)  ( i =  1 . . . . .  n - - l ) ;  

Ors dp k 2 (Gw) FI iT: (z, ~) - -  ts] 
dz Op d~ (c?s)w 
dr = n it: (xp ~) - -  t,] (L --  z) - -  w u 

T h e  in i t i a l  and b o u n d a r y  condi t ions  app l i cab l e  h e r e  m a y  be w r i t t e n  in the f o r m  

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

01,.(z, ~) = O~,o(Z, T), tl ,:(L, *) = tbw(X), tl,o(z, ~) =- ts; 
o x o _ to T~,] (x), ti, j -- i,] (x) 01j(0, x ) = 0 ~ , ] ( ) ,  Ti,j(0, x ) =  (0, x) 

( i = 1 ,  2; 1 = 0  . . . . .  n). 

(28) 

(29) 

In  c o n s i d e r i n g  the I-IN s e p a r a t e l y  it  i s  a l s o  n e c e s s a r y  to  a s s i g n  the  p e r t u r b a t i o n s  

03,0(0, ,) =O~(~), t:,~(L, ,) =/bw(X), q =/1(~),  p = const. (30) 

T h e  r e s u l t i n g  E q s .  (21)-(30) m a k e  it p o s s i b l e  to c a r r y  out a s tudy of the n o n s t a t i o n a r y  work ing  m o d e s  
of the  HE on a d ig i ta l  c o m p u t e r ,  by  a fou r th  o r d e r  R u n g e -  Kut ta  m e t h o d ,  us ing  a s t a n d a r d  p r o g r a m .  

T h e  in i t i a l  equa t ions  w e r e  so lved  on the  Minsk-22  c o m p u t e r  with an i n t e g r a t i o n  t i m e  s t ep  of 0.01 s e c .  
T h e  p r o g r a m  was  w r i t t e n  in the l anguage  Diana -2  f o r  the  l i n e a r  p e r t u r b a t i o n s  

02,0 = al - -  b11: >~ 0~,o, (31) 

q = 1 - b f f  -~ q*; p = a2ama = cons t ;  a i ,  b i (i = 1, 2) a r e  cons tan t  quan t i t i e s .  

) ' o r  the  in i t i a l  s t a t e  we took  the  da ta  of the s t a t i o n a r y  s t a t e ,  ob ta ined  f r o m  the s tudy of the s y s t e m  of 
E q s .  (21)-(29) i nd ica t ed  above .  T h e  r e s u l t s  of the c o m p u t a t i o n  a r e  shown in F i g . 2 .  

In  m a k i n g  the ca l cu l a t i ons  on the d ig i ta l  c o m p u t e r  we subdiv ided  the  e c o n o m i z e r  and e v a p o r a t o r  zones  
in to  four  equa l  p a r t s ;  in addi t ion ,  we c o n s i d e r e d  the  equa t ion  fo r  the  p ipe l ine  of b o i l e r  w a t e r  

Otbw ]- wbw Ot'bw = O, 0 ~ x -~ f p; (32) 
ax ox 

the  h e a t - b a l a n c e  equa t ion  fo r  the  w a t e r  vo lume  of the  s e p a r a t o r ,  a s s u m i n g  the w a t e r  l eve l  in it to be  c o n -  
s t an t :  

(cys)sHw die = GfwC~fw + Gw evapi' - -  GwC w ~$ (33) 

and the s t e a m  outf low r a t e ,  t ak ing  the  hypo thes i s  of q u a s i s t a t i o n a r i t y  in to  account :  

z(x) 

i D =  Q _ IIk~ (T~--ts) dx. (34) 
r (p) r (p) 

0 

R e s u l t s  of the  HE ca l cu l a t i ons  f o r  the  l i n e a r  p e r t u r b a t i o n s  (31) a r e  shown in F i g .  3. 

Ana lyz ing  the t r a n s i e n t  p r o c e s s e s ,  t h e r e  is  ev iden t ly  a t endency  t o w a r d s  a "dip" in the  s t e a m  output 
wi th  a s h a r p  dec l ine  in the  input e n e r g y .  

1536 



The p rob l em  of how to choose the number  of subdivision segments  to achieve a given accu racy  in the 
solution depends on the type of the s y s t em  of eqnations being solved and the c lass  of functions involved; 
this p rob l em requ i r e s  a spec ia l  s tudy.  

NOTATION 

q 

T 
t 
0 
C 

7 
g 
k 

P 
V 

k 

F 
S 

z(D 
II 
L 

X 

H 
G 
W 

T 

h 

0i ,Ti ,  t i ,  t s (i = 1, 2) 

02 (0, D 
01(L , t) 

0 i = 0i/02n; 

T i = Ti/02n; 
= x /4m;  

I.~r) 
Z 

7- 

?~(L, "r) 

is the re la t ive  (with r e s p e c t  to the nominal  volume) r a t e  of flow of h e a t - t r a n s f e r  
agent; 
is the wall temperature; 
Is the temperature of the working body; 
Is the temperature of the heat-transfer agent; 
is the specific heat capacity; 
Is the density; 
is the relative rate of vapor flow; 
is the h e a t - t r a n s f e r  coefficient;  
is the p r e s s u r e ;  
is the volume;  
is the hea t -exchange  coefficient;  
is the t h e r m a l  conductivity; 
is the hea t -exchange  sur face ;  
~s the a r ea ;  
~s the var iab le  length of the evapora to r  sect ion of the heat exchanger ;  
is the p e r i m e t e r ;  
is the length of the economize r  and evapora to r  sect ions;  
~s the wall  th ickness ;  
~s the space  coordinate;  
~s the height of the level  in the s e p a r a t o r ;  
~s the m a s s  flow ra te ;  
~s the velocity;  
is the t ime;  
~s the in tegra t ion  s tep;  
a r e ,  r e spec t ive ly ,  the t e m p e r a t u r e  of the alloy~ wall ,  and wate r  in the economizer  
and evapo ra to r  sec t ions ,  and the t e m p e r a t u r e  of the sa tu ra ted  vapor;  
is the inlet d is turbance for  the al loy; 
is the output t e m p e r a t u r e  of the al loy f r o m  the economize r  sect ion;  
is the r a t e  of flow of the bo i le r  water ;  

is the length of the evapora to r  section;  
is the re la t ive  length_of the evapora to r  section; z = z /4 ,  14 m;  
is the re la t ive  t ime ,  ~- = T/50 sec ;  
is the re la t ive  output t e m p e r a t u r e  of the alloy f rom the economizer  sect ion,Ol(L ' 
T) = O l ( L  ' T) /269~o  

S u b s c r i p t s  

n denotes a nominal  value; 
fw denotes feeding water ;  
bw denotes bo i le r  water ;  
S denotes the s epa ra to r ;  
a denotes  h e a t - t r a n s f e r  agent; 
w denotes water ;  
W denotes the wall;  
p denotes the pipeline;  
s denotes a sa tura t ion  line; 
1 denotes the economize r  sect ion;  
2 denotes the evapora to r  sect ion;  
0 denotes the init ial  condit ions.  
A tilde denotes re la t ive  values .  
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